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Abstract
We propose a new definition of Koszulity for graded algebras where the degree zero part has finite global
dimension, but is not necessarily semi-simple. The standard Koszul duality theorems hold in this setting.
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0. Introduction
Koszul algebras have traditionally been required to be graded algebras with semi-simple de-
gree zero part, but Green, Reiten, and Solberg in [4] defined a notion of Koszulity for more
general graded algebras where the degree zero part is allowed to be arbitrary finite dimensional.
The purpose of their work was to develop a unified approach to Koszul duality and tilting equiv-
alence. Koszulity of an algebra Λ was defined with respect to a module T , leading to the name
T -Koszul algebras. In [8], we gave an account of the T -Koszul algebras of Green, Reiten, and
Solberg from a derived category perspective. In this subject the right concepts seem to have been
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propose here a new definition of T -Koszul algebras that is more elementary and accessible.
Definition 4.1.1. Let Λ = ⊕i0 Λi be a graded algebra with gldimΛ0 < ∞, and let T be a
graded Λ-module concentrated in degree zero. We say that Λ is T -Koszul if both of the following
conditions hold.
(i) T is a tilting Λ0-module.
(ii) T is graded self-orthogonal as a Λ-module.
We prove that the new definition is equivalent to the one given in [8], provided gldimΛ0 < ∞
(Theorem 4.1.5). As a consequence the three main theorems for Koszul algebras hold in this set-
ting, namely, each T -Koszul algebra has a T -Koszul dual algebra which is the extension algebra
of T (Theorem 4.2.1(a)), the T -Koszul dual of the T -Koszul dual algebra is isomorphic to the
original algebra (Theorem 4.2.1(b)), and there is a duality between categories of T -Koszul mod-
ules over T -Koszul dual algebras (Theorem 4.3.1). In Section 4.4 we comment on the situation
when gldimΛ0 = ∞.
New results in this paper include: a proof that ungraded and graded extension algebras of T are
isomorphic even when Λ is allowed to be non-noetherian (Corollary 3.1.3), a much simplified
account of T -Koszul modules (Proposition 4.1.4 and Theorem 4.3.1), and a proof that under
certain finiteness conditions T -Koszul dual algebras have equivalent bounded derived categories
(Theorem 4.3.4).
In Section 1 we recall some basic notions and facts about graded algebras and modules. In
Section 2 we discuss tilting equivalence and Koszul duality, highlighting the similarities between
the two theories. In Section 3 we look at graded self-orthogonal modules and the functors they
define between derived categories. In Section 4 we discuss the new definition of T -Koszul alge-
bras and prove all the Koszul duality theorems.
1. Preliminaries on graded algebras and modules
We recall some basic notions and facts regarding graded algebras and modules that we will
use throughout the paper.
1.1. Graded duality
Let k be a field and let Λ =⊕i0 Λi be a graded k-algebra. Throughout the paper we assume
Λ is locally finite dimensional, that is to say, we have dimk Λi < ∞ for all i  0. It is important
to note that for most of the paper we do not assume Λ0 is semi-simple or commutative. To
simplify statements of results, we will however assume throughout that Λ0 is augmented over
k × · · · × k = k×r for some r > 0, in particular we assume that Λ0 is a basic k-algebra.
We denote by GrΛ the category of graded Λ-modules M =⊕i∈Z Mi with degree 0 mor-
phisms. We denote by lfdΛ the full subcategory of locally finite dimensional modules, that is,
graded Λ-modules with dimk Mi < ∞ for all i ∈ Z. Important full subcategories of lfdΛ are the
category of finitely generated graded Λ-modules grΛ and the category of finitely cogenerated
graded Λ-modules cgrΛ.
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A is a finite dimensional k-algebra, then we denote by modA the category of finitely generated
(ungraded) A-modules.
If V = ⊕i∈Z Vi is a graded k-vector space, then its graded dual vector space DV is
given by (DV )i = Homk(V−i , k). If M = ⊕i∈Z Mi is a graded Λ-module, then DM =⊕
i∈Z Homk(M−i , k) can be given a graded Λop-module structure by λjfi(m) = fi(λjm)
for λj ∈ Λj , fi ∈ Homk(M−i , k) and m ∈ M−i−j . If M is locally finite dimensional, then
DDM  M .
The duality D can also in a straightforward way be defined for morphisms of graded modules,
and we get a duality functor D : lfdΛ → lfdΛop. This functor restricts to dualities D : grΛ →
cgrΛop and D : cgrΛ → grΛop. Restricting further to finite dimensional modules concentrated
in degree zero, we get a duality D : modΛ0 → modΛop0 . If Λ = Λ0, then this is the usual duality
D : modΛ → modΛop for finite dimensional algebras.
Given a graded Λ-module M , the j th graded shift of M , denoted M〈j 〉, is the module with
graded parts (M〈j 〉)i = Mi−j and module structure inherited from M . There is a functorial
isomorphism D(M〈j 〉)  DM〈−j 〉.
1.2. Graded extensions
The category GrΛ is abelian, and one can define the usual homological functors. The follow-
ing well-known result can for instance be found in [11, Corollaries 2.4.4 and 2.4.7].
Lemma 1.2.1. Let Λ =⊕i0 Λi be a graded algebra, and let M and N be graded Λ-modules.
(a) If M is finitely generated, then
HomΛ(M,N) 
⊕
j∈Z
HomGrΛ
(
M,N〈j 〉).
(b) If M is finitely generated and has a projective resolution such that all syzygies are finitely
generated, then
ExtiΛ(M,N) 
⊕
j∈Z
ExtiGrΛ
(
M,N〈j 〉)
for all i  0.
With some finiteness conditions, the duality D and graded extensions combine well. A refer-
ence for the following proposition is [8, Proposition 1.3].
Proposition 1.2.2. Let Λ =⊕i0 Λi be a graded algebra, let M and N be graded locally finite
dimensional Λ-modules, and let D denote the above duality. If M is bounded below or N is
bounded above, then
ExtiGrΛ(M,N)  ExtiGrΛop(DN,DM)
for all i  0.
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In this section we present the basic facts about tilting equivalence and Koszul duality in such
a way that the similarities between the two theories are made apparent.
Let T be an object in an abelian category A. Then addT denotes the full subcategory of A
consisting of all finite direct sums of direct summands of T . The derived category of A is denoted
by D(A). The bounded derived category of A, that is, the full subcategory of D(A) consisting
of objects with bounded homology, is denoted by Db(A).
2.1. Tilting and cotilting modules
Definition 2.1.1. Let A be a basic finite dimensional k-algebra and let T be a finitely generated
A-module. The module T is called a tilting module if all of the following conditions hold.
(i) pdT < ∞.
(ii) ExtiA(T ,T ) = 0 for all i > 0.
(iii) There exists a coresolution 0 → A → T0 → T1 → ·· · → Tn → 0 with Ti in addT for all
0 i  n.
There is a dual notion of cotilting module. A finitely generated A-module U is called a cotilt-
ing module if (i) idU < ∞, (ii) ExtiA(U,U) = 0 for all i > 0 and (iii) there exists a resolution
0 → Um → ·· · → U1 → U0 → DA → 0 with Ui in addU for all 0 i m.
There is a more general concept due to Wakamatsu [15]. A finitely generated A-module T
is called a Wakamatsu tilting module if (i) ExtiA(T ,T ) = 0 for all i > 0 and (ii) there exists a
coresolution
0 → A → T0 f0−→ T1 f1−→ T2 → ·· · → Tn → ·· ·
with Ti in addT for all i  0 and Ext1A(kerfi, T ) = 0 for i > 0. Wakamatsu cotilting modules
are defined dually. It is known that a module is a Wakamatsu tilting module if and only if it is
a Wakamatsu cotilting module [3]. Tilting modules and cotilting modules are Wakamatsu tilting
modules, but in general a Wakamatsu tilting module can have both infinite projective dimension
and infinite injective dimension. There is the following important conjecture about Wakamatsu
tilting modules with finite projective dimension.
Conjecture (Wakamatsu Tilting Conjecture). (See [2].) Let T be a Wakamatsu tilting module
with finite projective dimension. Then T is a tilting module.
If A has finite global dimension, then infinite exact sequences will eventually split, and we
have the following consequence.
Proposition 2.1.2. Let A be a finite dimensional algebra with gldimA < ∞. Let T be a finitely
generated A-module. The following are equivalent.
(a) T is a tilting module.
(b) T is a cotilting module.
(c) T is a Wakamatsu tilting module.
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modules we deal with are basic, that is, the indecomposable direct summands of a module are
non-isomorphic. If A is augmented over k×r , then basic tilting or cotilting modules have r in-
decomposable direct summands. It is not known whether the corresponding statement holds for
Wakamatsu tilting modules.
2.2. Tilting equivalence
Let A be a basic finite dimensional k-algebra and suppose T is a tilting A-module. Let B =
[EndA(T )]op. The B-module DT  HomA(T ,DA) is a cotilting module, and there is a ring
isomorphism A ∼= [EndB(DT )]op. According to the Morita theory for derived categories [13],
[6, Chapter 6], there exists a two-sided tilting complex X and an equivalence of triangulated
categories
G¯T = RHomA(X,−) :Db(modA) → Db(modB)
such that HiG¯T (M) = ExtiA(T ,M) for any A-module M and i  0. A quasi-inverse of G¯T
is given by F¯T = X ⊗LB − :Db(modB) → Db(modA). The functor F¯T has the property that
H−nF¯T (N) = TorBn (T ,N) for any B-module N and n 0.
The equivalence above restricts to an equivalence between certain module categories. Define
T ⊥ = {M ∈ modA ∣∣ ExtiA(T ,M) = 0, i > 0}
and
⊥DT = {N ∈ modB ∣∣ ExtiB(N,DT ) = 0, i > 0}.
We get an equivalence E¯T = HomA(T ,−) :T ⊥ → ⊥DT with quasi-inverse T ⊗B −:
Db(modA)
RHomA(X,−) Db(modB)
T ⊥
HomA(T ,−) ⊥DT.
Important objects in T ⊥ are T itself and the injective cogenerator DA. Important objects
in ⊥DT are DT and B . At the core of the equivalence E¯T there is a correspondence be-
tween indecomposable summands of T and indecomposable projective B-modules and another
correspondence between indecomposable injective A-modules and indecomposable summands
of DT :
T
E¯T−→B, DA E¯T−→DT,
T ←− ¯ B, DA←− ¯ DT.FT FT
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duality D and get a duality E¯T D = HomAop(−,DT ) : ⊥AopDT → ⊥BDT :
Db(modA)
G¯T Db(modB)
⊥
AopDT
D
AT
⊥ E¯T ⊥
BDT .
In this way indecomposable direct summands of DT on one side correspond to indecomposable
projective modules on the other side in both directions:
DT
E¯T D−→B, A E¯T D−→DT,
DT ←− 
DF¯T
B, A←− 
DF¯T
DT .
2.3. Koszul duality
Koszul algebras were first defined in [12]. We follow here the treatment in [1] in which alge-
bras are supposed to be graded with semi-simple degree zero part.
Definition 2.3.1. Let Λ =⊕i0 Λi be a graded algebra where dimk Λi < ∞ for all i  0 and
Λ0 ∼= k × · · · × k = k×r as rings. Then Λ is called a Koszul algebra if ExtiGrΛ(Λ0,Λ0〈j 〉) = 0
whenever i = j .
Suppose Λ is a Koszul algebra. By [1, Proposition 2.1.3], this is equivalent to Λ0 having
a linear projective Λ-resolution. In particular Λ0 has a projective Λ-resolution such that all
syzygies are finitely generated. Let
Γ =
[⊕
i0
ExtiΛ(Λ0,Λ0)
]op ∼=
[⊕
i0
ExtiGrΛ
(
Λ0,Λ0〈i〉
)]op
.
Then Γ is also a Koszul algebra [1, Theorem 2.10.2], it is called the Koszul dual of Λ. There is
an isomorphism of graded algebras
Λ ∼=
[⊕
i0
ExtiΓ (Γ0,Γ0)
]op ∼=
[⊕
i0
ExtiGrΓ
(
Γ0,Γ0〈i〉
)]op
.
According to the theory of lifts as laid out in [5, 7.3 and 10.2], by lifting the set {Λ0〈i〉[i]}i∈Z,
we can construct a bigraded Λ-Γ -bimodule complex X and a triangulated functor
G = RHomGrΛ(X,−) :D(GrΛ) → D(GrΓ )
with the property that (H iG(M))j = Exti+jGrΛ(Λ0,M〈j 〉) for any graded Λ-module M and
i, j ∈ Z. We recall the steps of this construction in Section 3.2. A left adjoint of G is given
by F = X ⊗L − :D(GrΓ ) → D(GrΛ).GrΓ
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fine the category of coKoszul Λ-modules
cK(Λ) = {M ∈ cgrΛ ∣∣ ExtiGrΛ(Λ0〈−j 〉,M)= 0 whenever i = j}
and the category of Koszul Γ -modules
K(Γ ) = {N ∈ grΓ ∣∣ ExtiGrΓ (N,Γ0〈j 〉)= 0 whenever i = j}.
We get an equivalence E : cK(Λ) → K(Γ ), where E = ⊕i0 ExtiGrΛ(Λ0〈−i〉,−) ⊕
i0 Ext
i
Λ(Λ0,−):
D(GrΛ) RHomGrΛ(X,−) D(GrΓ )
cK(Λ)
E
K(Γ ).
Important objects in cK(Λ) are Λ0 and the graded injective cogenerator DΛ. Important ob-
jects in K(Γ ) are Γ0 and Γ . At the core of the equivalence E there is a correspondence between
indecomposable graded simple Λ-modules and indecomposable projective Γ -modules and an-
other correspondence between indecomposable graded injective Λ-modules and graded simple
Γ -modules:
Λ0
E−→Γ, DΛ E−→Γ0,
Λ0 ←− 
F
Γ, DΛ←− 
F
Γ0.
If we wish to make the correspondence more symmetrical, we can compose E with the duality
D and get a duality ED ⊕i0 ExtiΛop(−,Λ0) : K(Λop) → K(Γ ):
D(GrΛ) G D(GrΓ )
K(Λop)
D
cK(Λ)
E
K(Γ ).
In this way graded simple modules on one side correspond to indecomposable projective modules
on the other side in both directions:
Λ0
ED−→Γ, Λ ED−→Γ0,
Λ0 ←−
DF
Γ, Λ←−
DF
Γ0.
We often refer to the Koszul algebras of this section as classical Koszul algebras.
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We now return to graded algebras Λ =⊕i0 Λi , where Λ0 is a finite dimensional algebra
augmented over k×r , but not necessarily semi-simple. Let 1 = e1 + · · · + er be the decomposi-
tion of the identity in primitive orthogonal idempotents. Our aim is to describe a duality theory
encompassing both tilting equivalence and Koszul duality. In this section we look at suitable
functors for such a duality theory.
3.1. Graded and ungraded extension algebras
Motivated by the definition of classical Koszul algebras, we define the following homological
property for graded modules.
Definition 3.1.1. Let T be a finitely generated basic graded Λ-module concentrated in degree 0.
We say that T is a graded self-orthogonal module if ExtiGrΛ(T ,T 〈j 〉) = 0 whenever i = j .
Examples of graded self-orthogonal modules are the tilting modules in the Λ = Λ0 case and
the module Λ0 in the classical Koszul case.
In general such a module T might have syzygies that are not finitely generated. Even though
we are not in a situation where Lemma 1.2.1(b) applies, we can establish the following isomor-
phisms.
Proposition 3.1.2. Let T be a graded self-orthogonal module. Then
ExtiΛ(T ,T )  ExtiGrΛ
(
T ,T 〈i〉)
for each i  0.
Proof. Suppose T has a minimal graded projective resolution
P : · · · → P−i → ·· · → P−1 → P 0.
For each i > 0 it might happen that P−i is not finitely generated, but, since T is bounded below,
we always have P−i = ⊕l∈Z P−i{l}, where P−i{l} is a graded projective Λ-module finitely
generated in degree l, for each l ∈ Z. By forgetting the grading, we can regard P as an ungraded
projective resolution of T . The complex HomΛ(P, T ) computes the groups ExtiΛ(T ,T ). The ith
term of this complex is HomΛ(
⊕
l∈Z P−i{l}, T ). For each i  0 we have
HomΛ
(⊕
l∈Z
P−i{l}, T
)

∏
l∈Z
HomΛ
(
P−i{l}, T )

∏
l∈Z
HomGrΛ
(
P−i{l}, T 〈l〉),
since T is concentrated in degree 0. Also, since T is concentrated in a single degree, we have
d
(
HomGrΛ
(
P−i{l}, T 〈l〉))⊆ HomGrΛ(P−(i−1){l}, T 〈l〉)
D.O. Madsen / Advances in Mathematics 227 (2011) 2327–2348 2335for all i > 0, l ∈ Z, where d is the differential in HomΛ(P, T ). The complex HomΛ(P, T ) is
then an infinite product (indexed by l) of complexes HomΛ(P{l}, T 〈l〉) of the form
· · · → HomGrΛ
(
P−i{l}, T 〈l〉)→ HomGrΛ(P−(i−1){l}, T 〈l〉)→ ·· ·
→ HomGrΛ
(
P−1{l}, T 〈l〉)→ HomGrΛ(P 0{l}, T 〈l〉)→ 0.
For each l ∈ Z, since T 〈l〉 is concentrated in degree l, the complex HomΛ(P{l}, T 〈l〉) computes
the groups ExtiGrΛ(T ,T 〈l〉). We conclude that
ExtiΛ(T ,T ) 
∏
l∈Z
ExtiGrΛ
(
T ,T 〈l〉)
for each i  0. But ExtiGrΛ(T ,T 〈l〉) = 0 whenever i = l, so
ExtiΛ(T ,T )  ExtiGrΛ
(
T ,T 〈i〉)
for each i  0. 
We conclude that the graded and ungraded extension algebras are isomorphic.
Corollary 3.1.3. Let T be a graded self-orthogonal module. There is an isomorphism of graded
algebras
[⊕
i0
ExtiΛ(T ,T )
]op ∼=
[⊕
i0
ExtiGrΛ
(
T ,T 〈i〉)
]op
.
Proof. From Proposition 3.1.2 we know there is a bijective linear map between the algebras.
To prove that multiplication is preserved, we codify each algebra as a category and show that
the resulting categories are equivalent. (See [8, Section 4] for the details on how to codify a
graded algebra as a category.) The graded algebra [⊕i0 ExtiΛ(T ,T )]op can be codified as the
full subcategory U = {T [i] | i ∈ Z} ⊆ D(ModΛ). The graded algebra [⊕i0 ExtiGrΛ(T ,T 〈i〉)]op
can be codified as the full subcategory V = {T 〈i〉[i] | i ∈ Z} ⊆ D(GrΛ). There is a forgetful
functor | − | :D(GrΛ) → D(ModΛ) which by (the proof of) Proposition 3.1.2 restricts to an
equivalence | − | :V → U . Therefore [⊕i0 ExtiΛ(T ,T )]op and [⊕i0 ExtiGrΛ(T ,T 〈i〉)]op are
isomorphic as graded algebras. 
3.2. Derived functors
Let T =⊕rh=1 T(h) be a graded self-orthogonal module, where each direct summand T(h) is
indecomposable, and let
P : · · · → P−i → ·· · → P−1 → P 0
be a graded projective resolution of T . Consider the class of objects
U = {T(h)〈i〉[i] ∣∣ 1 h r, i ∈ Z}
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components
Γ˜
j
i =
⊕
l∈Z
HomGrΛ
(
P l,P l+i+j 〈i〉)
and differential
f → d ◦ f − (−1)nf ◦ d
for f ∈ Γ˜ j , and a bigraded DG Λ-Γ˜ -bimodule X˜ with components
X˜li,j = P l+ji−j .
Let D(Γ˜ ) denote the derived category of Γ˜ . There is a pair of adjoint triangulated functors
G˜T = RHomGrΛ(X˜,−) :D(GrΛ) → D(Γ˜ )
and
F˜T = X˜ ⊗LΓ˜ − :D(Γ˜ ) → D(GrΛ).
By the periodicity of X˜, we have G˜T (N〈i〉) = G˜T (N)〈−i〉[−i] for any N ∈ D(GrΛ). Since T
is graded self-orthogonal, the DG algebra Γ˜ is formal and has cohomology algebra
Γ =
[⊕
i0
ExtiGrΛ
(
T ,T 〈i〉)
]op ∼=
[⊕
i0
ExtiΛ(T ,T )
]op
.
By [5, 9.1], we can find a bigraded DG Γ˜ -Γ -bimodule Y such that
HΓ˜ = RHomΓ˜ (Y,−) :D(Γ˜ ) → D(GrΓ )
is an equivalence of triangulated categories. This equivalence commutes with the graded shift 〈1〉.
Now let GT = HΓ˜ G˜T . By [5, 6.3(c)], there is a complex of bigraded Λ-Γ -modules X such that
GT = RHomGrΛ(X,−) :D(GrΛ) → D(GrΓ ).
This functor has a left adjoint
FT = X ⊗LGrΓ − :D(GrΓ ) → D(GrΛ).
We let φ :FT GT → idD(GrΛ) denote the counit of the adjunction.
It is perhaps fortunate that we won’t be needing the actual construction of the complex X and
the functor GT . Besides being triangulated, the other important facts about GT can be summa-
rized in the following proposition.
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Λ-module, let N be an object in D(GrΛ), and let i, j ∈ Z. Then
(a) GT (T )  Γ .
(b) The map φT :FT GT (T ) → T is an isomorphism.
(c) There is a functorial isomorphism GT (N〈j 〉)  GT (N)〈−j 〉[−j ].
(d) There is a functorial isomorphism FT GT (N〈j 〉)  FT GT (N)〈j 〉.
(e) (H iGT (M))j  Exti+jGrΛ(T ,M〈j 〉).
(f) GT (DΛ)  DT , where DT  HomGrΛ(T ,DΛ) is considered as a graded Γ -module con-
centrated in degree 0.
Proof. (a) and (b) One of the defining properties of a lift is that G˜T restricts to an equivalence be-
tween U and the category consisting of the indecomposable direct summands of the DG modules
Γ˜ 〈i〉, see [5, 7.3]. Composing with the equivalence HΓ˜ , we get assertions (a) and (b).
(c) By the definition of GT it follows that
GT
(
N〈j 〉)= HΓ˜ G˜T (N〈j 〉)
= HΓ˜
(
G˜T (N)〈−j 〉[−j ]
)
 (HΓ˜ G˜T (N))〈−j 〉[−j ]
= GT (N)〈−j 〉[−j ].
(d) For any object L in D(GrΛ), there are isomorphisms
HomDGrΛ
(
FT GT
(
N〈j 〉),L) HomDGrΓ (GT (N〈j 〉),GT (L))
 HomDGrΓ
(
GT (N)〈−j 〉[−j ],GT (L)
)
 HomDGrΓ
(
GT (N),GT (L)〈j 〉[j ]
)
 HomDGrΛ
(
FT GT (N),L〈−j 〉
)
 HomDGrΛ
(
FT GT (N)〈j 〉,L
)
.
(e) There are isomorphisms
(
HiGT (M)
)
j
 HomDGrΓ
(
Γ 〈j 〉,GT (M)[i]
)
 HomDGrΛ
(
T 〈−j 〉[−j ],M[i])
 HomDGrΛ
(
T ,M〈j 〉[i + j ])
 Exti+jGrΛ
(
T ,M〈j 〉).
(f) Since DΛ is injective, the group (H iGT (DΛ))j  Exti+jGrΛ(T ,DΛ〈j 〉) is non-zero only
when i + j = 0. Since T is concentrated in degree 0, we have HomGrΛ(T ,DΛ〈j 〉) = 0
only when j = 0 and as a consequence i = 0. Therefore, GT (DΛ)  (H 0GT (DΛ))0 
HomGrΛ(T ,DΛ)  DT. 
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we will return to it in the next section.
4. T -Koszul algebras
T -Koszul algebras were first defined by Green, Reiten, and Solberg [4] with the purpose of
developing a unified approach to Koszul duality and tilting equivalence. The original defini-
tion is rather involved, and we will not repeat the details here. In [8] we observed that the two
central properties of T -Koszul algebras are (i) T is graded self-orthogonal as a Λ-module, and
(ii) φDΛ :FT GT (DΛ) → DΛ is an isomorphism. These two conditions taken together are strong
enough to ensure the existence of a good duality theory. This fact led us in [8] to make a simpli-
fied definition and say that Λ is a T -Koszul algebra if and only if (i) and (ii) hold.
The condition on φDΛ, while bringing much of the power, might not be so tractable, and we
present here a new equivalent definition where that condition is replaced with a more elemen-
tary one. The only slightly unfortunate aspect of the new definition is that we have to assume
gldimΛ0 < ∞, but most of the examples we are interested in are still covered.
4.1. The new definition
Definition 4.1.1. Let Λ = ⊕i0 Λi be a graded algebra with gldimΛ0 < ∞, and let T be a
graded Λ-module concentrated in degree 0. We say that the algebra Λ is T -Koszul (or, Koszul
with respect to T ) if both of the following conditions hold.
(i) T is a tilting Λ0-module.
(ii) T is graded self-orthogonal as a Λ-module.
The tilting and classical Koszul algebra cases that we want to generalize can be recovered by
setting Λ = Λ0 and Λ0 ∼= k×r respectively.
If Λ = Λ0, then (i) implies (ii), so Λ is Koszul with respect to T if and only if T is a tilting
module.
If Λ0 ∼= k×r , then the only tilting Λ0-module is Λ0 itself. In this case Λ is Koszul with respect
to T = Λ0 if and only Λ is a classical Koszul algebra.
A great benefit of the new definition of T -Koszul algebras is that it is easy to establish the
following important theorem. It was also obtained in [7] with the original definition.
Theorem 4.1.2. Let Λ =⊕i0 Λi be a graded algebra with gldimΛ0 < ∞. Suppose Λ is a
Koszul algebra with respect to a module T . Then Λop is a Koszul algebra with respect to DT .
Proof. If T is a tilting Λ0-module, then DT is a cotilting Λop0 -module. Since gldimΛ
op
0 =
gldimΛ0 is finite, any cotilting Λop0 -module is also a tilting Λ
op
0 -module.
Using the duality D we get an isomorphism
ExtiGrΛ
(
T ,T 〈j 〉) ExtiGrΛop(DT 〈−j 〉,DT ) ExtiGrΛop(DT,DT 〈j 〉).
So T is graded self-orthogonal as a Λ-module if and only if DT is graded self-orthogonal as a
Λop-module. 
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As the following example shows, it does not necessarily follow that Λ is a Koszul algebra with
respect to DΛ0.
Example 4.1.3. Let Λ be the path algebra given by the quiver
1 α−→ 2 β−→ 3
and relation βα = 0. Let degα = 2 and degβ = 0.
Then Λ is a Koszul algebra with respect to Λ0 = S1 ⊕ P2 ⊕ S3. On the other hand Λ is not a
Koszul algebra with respect to DΛ0 = S1 ⊕ S2 ⊕ P2. Indeed, we have
Ext1GrΛ
(
DΛ0,DΛ0〈2〉
)= Ext1GrΛ(S1, S2〈2〉) = 0,
and therefore DΛ0 is not graded self-orthogonal.
The following technical proposition provides us with a class of modules M for which GT (M)
is also a module and the counit map φM is an isomorphism. The module DΛ turns out to be in
this class (which we later call the class of T -coKoszul modules, see Theorem 4.3.1).
Proposition 4.1.4. Let Λ =⊕i0 Λi be a graded algebra with gldimΛ0 < ∞. Suppose Λ is
a Koszul algebra with respect to a module T . Let M be a locally finite dimensional graded Λ-
module which is bounded above and has the property that ExtiGrΛ(T 〈−j 〉,M) = 0 whenever
i = j . Then
(a) GT (M) is a locally finite dimensional graded Γ -module (stalk complex concentrated in
cohomological degree 0), and GT (M)j = 0 whenever j < 0.
(b) M is a finitely cogenerated graded Λ-module, and Mj = 0 whenever j > 0.
(c) The counit map φM :FT GT (M) → M is an isomorphism.
(d) GT (M) is a finitely generated graded Γ -module.
Proof. (a) Since ExtiGrΛ(T 〈−j 〉,M) = 0 whenever i = j , it follows from Proposition 3.2.1(e)
that (H iGT (M))j  Exti+jGrΛ(T 〈−j 〉,M) = 0 whenever i = 0. Since GT (M) has non-zero coho-
mology only in cohomological degree 0, we identify GT (M) with the graded module H 0GT (M).
We have
GT (M)j =
(
H 0GT (M)
)
j
 ExtjGrΛ
(
T 〈−j 〉,M)
for any j ∈ Z, so GT (M)j = 0 whenever j < 0. Since T has a locally finite dimensional graded
projective Λ-resolution, we have that ExtjGrΛ(T 〈−j 〉,M) is finite dimensional for each j ∈ Z,
so GT (M) is locally finite dimensional.
(b) Since M is locally finite dimensional and bounded above, it is cogenerated by its graded
socle socgr M . If socgr M has support in degree j , then HomGrΛ(Λ0〈j 〉,M) = 0. Let 0 → Λ0 →
T0 → T1 → ·· · → Tn → 0 be a coresolution of Λ0 with Ti in addT for all 0  i  n. Since
HomGrΛ(Λ0〈j 〉,M) = HomDGrΛ(Λ0〈j 〉,M) = 0, we can find an integer 0  l  n such that
HomDGrΛ(Tl〈j 〉[−l],M) = 0. Let P be the graded projective Γ -module P = GT (Tl). Since
FT GT (Tl)  Tl , we have
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(
Tl〈j 〉[−l],M
) HomDGrΓ (P 〈−j 〉[−j − l],GT (M))
 Extj+lGrΓ
(
P 〈−j 〉,GT (M)
)
.
Since HomDGrΛ(Tl〈j 〉[−l],M) = 0 and P is projective, we have j + l = 0, and therefore −n
j  0. So the degrees where socgr M has support form a subset of {−n, . . . ,0}. Since M is
locally finite dimensional, it means that M is finitely cogenerated. We also conclude that Mj = 0
whenever j > 0.
(c) Since T is graded self-orthogonal, the map φT :FT GT (T ) → T is an isomorphism by
Proposition 3.2.1(b). Since T is a tilting Λ0-module, it follows from the Five Lemma that
φΛ0 :FT GT (Λ0) → Λ0 is an isomorphism. Since gldimΛ0 < ∞, it also follows from the Five
Lemma that φN :FT GT (N) → N is an isomorphism for any finitely generated Λ0-module N .
By Proposition 3.2.1(d), it follows that φN〈j〉 :FT GT (N〈j 〉) → N〈j 〉 is an isomorphism for any
j ∈ Z. Further use of the Five Lemma allows us to conclude that φN :FT GT (N) → N is an
isomorphism for any finite dimensional graded Λ-module N .
We next prove that FT GT (M) has non-zero cohomology only in cohomological degree 0. For
any l > 0, Proposition 3.2.1(f) implies that
D
(
HiFT GT (M)
)
l
 HomDGrΛ
(
FT GT (M),DΛ〈l〉[−i]
)
 HomDGrΓ
(
GT (M),DT 〈−l〉[−l − i]
)
= 0,
since DT is concentrated in degree 0 and GT (M)j = 0 whenever j < 0. Now suppose l  0 is an
integer, and let U = M<l . By Proposition 3.2.1(e), we have (H iGT (U))j  Exti+jGrΛ(T ,U 〈j 〉),
which is 0 whenever j −l, since T is concentrated in degree 0. So
D
(
HiFT GT (U)
)
l
 HomDGrΛ
(
FT GT (U),DΛ〈l〉[−i]
)
 HomDGrΓ
(
GT (U),DT 〈−l〉[−l − i]
)
= 0
for all i ∈ Z, since DT is concentrated in degree 0. There is a triangle
FT GT (Ml) → FT GT (M) → FT GT (U) → FT GT (Ml )[1],
so the cohomology long-exact sequence gives
(
HiFT GT (Ml)
)
l
 (HiFT GT (M))l
for all i ∈ Z. Since Ml is finite dimensional, the map
φMl :FT GT (Ml ) → Ml
is an isomorphism. We conclude that (H iFT GT (M))l = 0 for all i = 0 and that
(H 0FT GT (M))l  Ml .
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FT GT (M) with the graded module H 0FT GT (M). We want to prove that φM :FT GT (M) → M
is an isomorphism. If l > 0, then (FT GT (M))l = 0 = Ml . Suppose l  0. We have the following
morphism of triangles:
FT GT (U)[−1]
φU [−1]
FT GT (Ml )

FT GT (M)
φM
FT GT (U)
φU
U [−1] Ml M U.
By taking degree l parts we get the diagram
0 Ml
∼

(FT GT (M))l
(φM)l
0
0 Ml
∼
Ml 0.
So the map (φM)l : (FT GT (M))l → Ml is an isomorphism for every l ∈ Z, and therefore
φM :FT GT (M) → M is an isomorphism.
(d) The proof is similar to the proof of part (b). We know from part (a) that GT (M) is a
locally finite dimensional graded Γ -module that is bounded below. Therefore it is generated
by its graded top topgr(GT (M)) = GT (M)/J (GT (M)), where J (GT (M)) denotes the graded
Jacobson radical of GT (M). If topgr(GT (M)) has support in degree j , then
HomGrΓ
(
GT (M),DΓ0〈j 〉
) = 0.
By Proposition 3.2.1(f), the Γ -module DT  GT (DΛ) is concentrated in degree 0. Considered
as a module over Γ0 ∼= [EndΛ(T )]op ∼= [EndΛ0(T )]op, the module DT is a cotilting module.
Let 0 → Um → ·· · → U1 → U0 → DΓ0 → 0 be a resolution of DΓ0 with Ui in addDT for
all 0  i  m. Since HomGrΓ (GT (M),DΓ0〈j 〉) = HomDGrΓ (GT (M),DΓ0〈j 〉) = 0, there is
an integer 0 l m such that HomDGrΓ (GT (M),Ul〈j 〉[l]) = 0. Let I be the graded injective
Λ-module such that GT (I) = Ul . Since FT GT (M)  M , we have
HomDGrΓ
(
GT (M),Ul〈j 〉[l]
) HomDGrΛ(M,I 〈−j 〉[l − j ])
 Extl−jGrΛ
(
M,I 〈−j 〉).
Since HomDGrΓ (GT (M),Ul〈j 〉[l]) = 0 and I is injective, we have l − j = 0, and therefore
0 j m. So the degrees where topgr(GT (M)) has support form a subset of {0, . . . ,m}. Since
GT (M) is locally finite dimensional, it means that M is finitely generated. 
We can now prove that our new definition is equivalent to the one in [8], as long as
gldimΛ0 < ∞. As a consequence the conditions in new definition are strong enough to yield
a good duality theory.
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Λ-module concentrated in degree 0. Suppose T is graded self-orthogonal as a Λ-module. Then T
is a tilting Λ0-module if and only if the counit map φDΛ :FT GT (DΛ) → DΛ is an isomorphism.
Proof. Assume T is a tilting Λ0-module. Since ExtiGrΛ(T 〈−j 〉,DΛ) = 0 except when i =
j = 0, by Proposition 4.1.4(c) the counit map φDΛ :FT GT (DΛ) → DΛ is an isomorphism.
For the converse, suppose φDΛ :FT GT (DΛ) → DΛ is an isomorphism. From Proposi-
tion 3.2.1(f) we know that GT (DΛ)  HomGrΛ(T ,DΛ)  DT . Let
Q : · · · → Q−(j+1) → Q−j → Q−(j−1) → ·· · → Q−1 → Q0
be a graded projective Γ -resolution of DT . Then the complex
T ⊗GrΓ Q : · · · → T ⊗GrΓ Q−(j+1) → T ⊗GrΓ Q−j → T ⊗GrΓ Q−(j−1) → ·· ·
→ T ⊗GrΓ Q−1 → T ⊗GrΓ Q0
computes the Tor groups TorGrΓj (T ,DT ). Since T is concentrated in degree 0, this complex is
isomorphic to
T ⊗Γ0 Q0 : · · · → T ⊗Γ0
(
Q−(j+1)
)
0 → T ⊗Γ0
(
Q−j
)
0 → T ⊗Γ0
(
Q−(j−1)
)
0 → ·· ·
→ T ⊗Γ0
(
Q−1
)
0 → T ⊗Γ0
(
Q0
)
0,
where Q0 is the complex
Q0 : · · · →
(
Q−(j+1)
)
0 →
(
Q−j
)
0 →
(
Q−(j−1)
)
0 → ·· · →
(
Q−1
)
0 →
(
Q0
)
0.
This complex is a projective Γ0-resolution of DT . We conclude that
TorΓ0j (T ,DT )  TorGrΓj (T ,DT )
for all j  0. Since (φDΛ)0 : (FT (DT ))0 → (DΛ)0 is an isomorphism, we have
TorGrΓj (T ,DT ) = 0 for all j = 0 and (FT (DT ))0  T ⊗GrΓ DT  T ⊗Γ0 DT  (DΛ)0.
Consider the pair of adjoint functors
G¯T = RHomΛ0(T ,−) :Db(modΛ0) → Db(modΓ0)
and
F¯T = T ⊗LΓ0 − :Db(modΓ0) → Db(modΛ0).
We have just shown that φ¯(DΛ)0 : F¯T G¯T ((DΛ)0)  F¯T (DT ) → (DΛ)0 is an isomorphism,
where φ¯ is the counit of the adjunction. Since T is a self-orthogonal Λ0-module, it follows
from [8, Proposition 8.3] (see also [14, Proposition 5]) that T is a Wakamatsu tilting Λ0-module.
Since gldimΛ0 < ∞, by Proposition 2.1.2 the module T must be a tilting Λ0-module. 
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We next prove the duality theorem for T -Koszul algebras.
Theorem 4.2.1. Let Λ =⊕i0 Λi be a graded algebra with gldimΛ0 < ∞. Suppose Λ is a
Koszul algebra with respect to a module T . Then
(a) gldimΓ0 < ∞, and Γ is a Koszul algebra with respect to Γ DT .
(b) There is an isomorphism of graded algebras
Λ ∼=
[⊕
i0
ExtiΓ (DT ,DT )
]op ∼=
[⊕
i0
ExtiGrΓ
(
DT,DT 〈i〉)
]op
.
Proof. (a) We have Γ0 ∼= [EndΛ(T )]op ∼= [EndΛ0(T )]op. Since gldimΛ0 < ∞ and T is a tilting
Λ0-module, also gldimΓ0 < ∞. Considered as a Γ0-module, the module DT  GT (DΛ) is a
cotilting module, and by Proposition 2.1.2 it is also a tilting module. Using Proposition 3.2.1(e),
the adjointness of GT and FT , and Theorem 4.1.5, we get
ExtiGrΓ
(
DT,DT 〈j 〉)= HomDGrΓ (DT,DT 〈j 〉[i])
 HomDGrΓ
(
GT (DΛ),GT (DΛ)〈j 〉[i]
)
 HomDGrΛ
(
FT GT (DΛ),DΛ〈−j 〉[i − j ]
)
 HomDGrΛ
(
DΛ,DΛ〈−j 〉[i − j ])
 Exti−jGrΛ
(
DΛ,DΛ〈−j 〉).
Since DΛ is injective, we have ExtiGrΓ (DT,DT 〈j 〉) = 0 whenever i = j . So DT is a graded
self-orthogonal Γ -module, and Γ is a Koszul algebra with respect to DT .
(b) For each i  0, we have
ExtiGrΓ
(
DT,DT 〈i〉)= HomDGrΓ (DT,DT 〈i〉[i])
 HomDGrΛ
(
DΛ,DΛ〈−i〉)
 Λi.
These canonical isomorphisms define a bijective map
ψ :
[⊕
i0
ExtiGrΓ
(
DT,DT 〈i〉)
]op
→ Λ.
The graded algebra [⊕i0 ExtiGrΓ (DT,DT 〈i〉)]op can be codified as the full subcategory U ={DT 〈i〉[i] | i ∈ Z} ⊆ D(GrΓ ). The graded algebra Λ can be codified as the full subcategory
V = {DΛ〈−i〉 | i ∈ Z} ⊆ D(GrΛ). Combining Theorem 4.1.5 with Proposition 3.2.1(d), we
find that FT GT (DΛ〈−i〉)  (DΛ〈−i〉) for all i ∈ Z. By the adjointness of FT and GT , the
category V is equivalent to its essential image under GT . By Proposition 3.2.1(c)(f) we have
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[⊕i0 ExtiGrΓ (DT,DT 〈i〉)]op and Λ are isomorphic as graded algebras. 
We call the pair (Γ,DT ) the Koszul dual of (Λ,T ).
If Λ = Λ0, then Γ = Γ0 = [EndΛ0(T )]op. Similarly [
⊕
i0 Ext
i
Γ (DT ,DT )]op [EndΓ0(DT )]op, so the theorem just states some basic facts in tilting theory.
If Λ0 ∼= k×r , the theorem above is the well-known duality for classical Koszul algebras [1,
Theorem 2.10.2].
4.3. Koszul duality for modules
As in the case of classical Koszul algebras, the functor GT = RHomGrΛ(X,−) :D(GrΛ) →
D(GrΓ ) is an equivalence only in special cases (when Λ is finite dimensional and of finite global
dimension [8]), but restricts in different ways to equivalences between certain important pairs of
(full) subcategories. We get the largest such equivalence if we set
T = {M ∈ D(GrΛ) ∣∣ φM :FT GT (M) → M is an isomorphism},
and let S be the essential image of T under GT . Both T and S are closed under triangles, the
translation functor, and graded shifts. By the adjointness of GT and FT , there is an equivalence
of triangulated categories GT :T → S .
Using Proposition 4.1.4, we find the largest equivalence between categories of suitably
bounded locally finite dimensional modules given by GT . Define the category of T -coKoszul
Λ-modules
cKT (Λ) =
{
M ∈ cgrΛ ∣∣ ExtiGrΛ(T 〈−j 〉,M)= 0 whenever i = j}
and the category of T -Koszul Γ -modules
KT (Γ ) =
{
N ∈ grΓ ∣∣ ExtiGrΓ (N,DT 〈j 〉)= 0 whenever i = j}.
In the case Λ0 ∼= k×r , these definitions are in agreement with the classical ones.
Theorem 4.3.1. The functor GT :D(GrΛ) → D(GrΓ ) restricts to an equivalence ET :
cKT (Λ) → KT (Γ ), where ET =⊕i0 ExtiGrΛ(T 〈−i〉,−):
D(GrΛ) RHomGrΛ(X,−) D(GrΓ )
cKT (Λ)
ET
KT (Γ ).
Proof. If M ∈ cKT (Λ), then by Proposition 4.1.4(c) the map φM :FT GT (M) → M is an isomor-
phism. Hence cKT (Λ) is a subcategory of T , and therefore cKT (Λ) is equivalent to its essential
image under GT . Let GT (cKT (Λ)) denote this essential image. Since FT (GT (M)) is concen-
trated in cohomological degree 0 for any M ∈ cKT (Λ), it also follows from Proposition 4.1.4
that GT (cKT (Λ)) is a full subcategory of KT (Γ ).
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FT (N) ∈ cKT (Λ) and that the unit map ηN :N → GT FT (N) is an isomorphism. Therefore
GT (cKT (Λ)) = KT (Γ ).
As a consequence of Proposition 3.2.1(e), the functor GT , when restricted to cKT (Λ), is
isomorphic to ET . 
In the case Λ = Λ0, any graded Λ-module decomposes into a direct sum of its graded parts. In
this case a locally finite dimensional module M =⊕i∈Z Mi is in cKT (Λ) if and only if (i) M is
finite dimensional, (ii) Mi = 0 for all i > 0, and (iii) ExtjΛ(T ,Mi) = 0 for all j = −i. Theo-
rem 4.3.1 is then essentially a reformulation of [10, Theorem 1.16]. The category ΛT ⊥ coincides
with the full subcategory of cKT (Λ) consisting of modules that are cogenerated in degree 0.
In earlier papers [4,8], Koszul modules were defined to be generated in degree 0 (and by
duality coKoszul modules were defined to be cogenerated in degree 0), so that one would have
ΛT
⊥ = cKT (Λ) in the Λ = Λ0 case. It is important to note that this extra provision comes at a
price. For general T -Koszul algebras, if all coKoszul modules M are required to be cogenerated
in degree 0, then even further, more unnatural, conditions have to be put on such modules M
in order to make sure that ET (M) is always generated in degree 0. The approach taken in the
present paper is to make definitions as simple as possible.
In the classical Koszul case with Λ0 ∼= k×r , it follows from the definition that Koszul modules
are generated in degree 0.
Important objects in cKT (Λ) are T and the graded injective cogenerator DΛ. Important ob-
jects in KT (Γ ) are DT and Γ . At the core of the equivalence ET there is a correspondence
between indecomposable direct summands of T and indecomposable projective Γ -modules and
another correspondence between indecomposable graded injective Λ-modules and indecompos-
able direct summands of DT :
T
ET−→Γ, DΛ ET−→DT,
T ←− 
FT
Γ, DΛ←−
FT
DT .
The equivalence ET can be composed with the duality D and we get a duality ET D ⊕
i0 Ext
i
GrΛop(−,DT 〈i〉) : KT (Λop) → KT (Γ ). In this way indecomposable direct summands
of DT on one side correspond to indecomposable projective modules on the other side in both
directions:
DT
ET D−→Γ, ΛET D−→DT,
DT ←− 
DFT
Γ, Λ←−
DFT
DT .
The functor GT also restricts to equivalences in the style of [9, Theorem 2.4]. We consider
here a bounded version of that theorem. Let FgrΛ(T ) be the full subcategory of grΛ consisting of
modules M having a finite filtration 0 = M0 ⊆ M1 ⊆ · · · ⊆ Mt = M where the factors Mi/Mi−1
are graded shifts of direct summands of T for all 1 i  t . A cochain complex of graded modules
· · · → N−1 → N0 → N1 → ·· · → Nj−1 → Nj → ·· · is called linear if Nj is generated in
degree −j for all j ∈ Z. Let Lb(Γ ) denote the category of bounded linear cochain complexes of
graded projective Γ -modules and cochain maps. A homotopy map between linear complexes is
always 0, so Lb(Γ ) can be regarded as a full subcategory of D(GrΓ ).
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FgrΛ(T ) → Lb(Γ ):
D(GrΛ) RHomGrΛ(X,−) D(GrΓ )
FgrΛ(T ) Lb(Γ ).
Proof. The direct summands of T are objects in T . Since T is closed under graded shifts and tri-
angles, the category FgrΛ(T ) is a subcategory of T . Hence FgrΛ(T ) is equivalent to its essential
image under GT .
If T(h) is a direct summand of T , then for any i ∈ Z we have that GT (T(h)〈i〉) 
(GT (T(h)))〈−i〉[−i] is isomorphic to an object in Lb(Γ ). Suppose 0 → L → M → N → 0
is an exact sequence of objects in FgrΛ(T ). If GT (L) and GT (N) are isomorphic to objects in
Lb(Γ ), then GT (M) is isomorphic to the bounded linear complex cone(GT (N)[−1] → GT (L)).
By induction on the length of the filtration of M , we get that GT (M) is isomorphic to an object
in Lb(Γ ) for any M in FgrΛ(T ).
Let
N : 0 → Na → Na+1 → ·· · → Na+n → 0
be a bounded linear complex of graded projective Γ -modules. The subcomplex
N ′ : 0 → Na+n → 0
is isomorphic to GT (T ′〈a + n〉) for some T ′ in addT . The quotient
N/N ′ : 0 → Na → Na+1 → ·· · → Na+n−1 → 0
is also a bounded linear complex. Since GT is a triangulated functor, it follows by induction
on n that N  GT (M) for some M in FgrΛ(T ), and therefore GT :FgrΛ(T ) → Lb(Γ ) is an
equivalence. 
We have the following corollary.
Corollary 4.3.3. The subcategory FgrΛ(T ) of grΛ is closed under direct summands.
Proof. Since idempotents split in Lb(Γ ), the same must be true in FgrΛ(T ). 
If Λ = Λ0, then Ext1Λ(T ,T ) = 0, and the objects of FgrΛ(T ) are finite direct sums of graded
shifts of direct summands of T .
In the classical Koszul case with Λ0 ∼= k×r , the category FgrΛ(T ) consists of all finite dimen-
sional graded Λ-modules.
If certain finiteness conditions are satisfied, we get an equivalence of bounded derived cate-
gories of finitely generated graded modules, as the following theorem shows. For classical Koszul
algebras, this is [1, Theorem 2.12.6].
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is an equivalence of triangulated categories GbT :Db(grΛ) → Db(grΓ ).
Proof. If Λ is artinian, then Db(grΛ) is equivalent to the smallest triangulated subcategory
of D(GrΛ) containing all graded shifts of direct summands of T . If Γ is noetherian and of
finite global dimension, then Db(grΓ ) is equivalent to the smallest triangulated subcategory
of D(GrΓ ) containing all indecomposable graded projective Γ -modules. Since T ∈ T and
GT (T ) = Γ , it follows from Proposition 3.2.1(c) that there is an equivalence of triangulated
categories GbT :Db(grΛ) → Db(grΓ ). 
4.4. What if Λ0 has infinite global dimension?
So far our assumption has been that gldimΛ0 < ∞, but in this subsection we remark on
the situation when gldimΛ0 = ∞. In [4] and [8], T -Koszul algebras were defined without any
condition on the global dimension of Λ0. If, following [8], we take “φDΛ :FT GT (DΛ) → DΛ
is an isomorphism” to be the defining property of T -Koszul algebras, can we find a more ele-
mentary definition in the style of Definition 4.1.1 that is also appropriate in the infinite global
dimension case? As stated, the important Theorem 4.1.2 and the possibly even more important
Theorem 4.1.5 (both directions) are no longer true if we allow gldimΛ0 = ∞. Some of the the-
ory can be recovered by using a crucial insight from [4], namely that one should allow T to be a
Wakamatsu tilting Λ0-module.
In the special case when Λ = Λ0, it is known that given a self-orthogonal Λ-module T ,
the map φDΛ :FT GT (DΛ) → DΛ is an isomorphism if and only if T is a Wakamatsu tilting
module (see for example [8, Proposition 8.3]). So we define Λ0 to be Koszul with respect to
T if T is a Wakamatsu tilting Λ0-module. Can the definition for more general graded algebras
be approached in a similar way? In other words, can we determine how the appropriate graded
version of a Wakamatsu tilting module should be defined? If T is a graded self-orthogonal Λ-
module and φDΛ is an isomorphism, then it follows from the proof of Theorem 4.1.5 that T is
a Wakamatsu tilting Λ0-module, without any assumption on the global dimension of Λ0. In line
with Definition 4.1.1, it seems natural to impose the following conditions on T .
(W1) T is a Wakamatsu tilting Λ0-module.
(W2) T is a graded self-orthogonal Λ-module.
As natural as these conditions might be, it is our impression that (W1) and (W2) together are not
strong enough to imply that φDΛ is an isomorphism, but we do not have a counterexample.
Our discussion on T -Koszul algebras with gldimΛ0 = ∞ might be related to some important
unresolved homological conjectures. We mention here a possible connection with the Wakamatsu
Tilting Conjecture. Let Λ = Λ0 ⊕Λ1 be a graded algebra and T a Wakamatsu tilting Λ0-module
of finite projective dimension. Then φDΛ :FT GT (DΛ) → DΛ is an isomorphism if and only
if φ(DΛ)−1 :FT GT ((DΛ)−1) → (DΛ)−1 is an isomorphism. The Wakamatsu Tilting Conjecture
can be reformulated as stating that for any Λ0-module M ∈ T ⊥, the map φM :FT GT (M) → M
is an isomorphism. All this suggests that the following question could and should be answered
in the affirmative, but we do not have a proof.
Question. Let Λ0 be a finite dimensional k-algebra and suppose T is a Wakamatsu tilting Λ0-
module of finite projective dimension for which the Wakamatsu Tilting Conjecture does not hold.
2348 D.O. Madsen / Advances in Mathematics 227 (2011) 2327–2348Does there exist a graded algebra Λ = Λ0 ⊕ Λ1 such that (i) T is a graded self-orthogonal Λ-
module, (ii) (DΛ)−1 ∈ T ⊥ as a left Λ0-module, and (iii) φDΛ :FT GT (DΛ) → DΛ is not an
isomorphism?
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